Self-testing is a procedure for characterising quantum resources with the minimal level of trust. Up to now it has been used as a device-independent certification tool for particular quantum measurements, channels and pure entangled states. In this work we introduce the concept of self-testing more general entanglement structures. More precisely, we present the first self-tests of an entangled subspace -the five-qubit code and the toric code. We show that all quantum states maximally violating a suitably chosen Bell inequality must belong to the corresponding code subspace, which remarkably includes also mixed states.
Introduction.-Authentically quantum effects such as entanglement and measurement incompatibility play a key role in the development of various quantum information protocols. In this context, verifying that a device or an algorithm indeed uses quantum resources is a very important task. There are many frameworks for such kind of verification, in a broad sense known as testing of quantum properties [1] . In a standard quantum property testing scenario a user, usually called verifier, aims to certify that their devices, commonly named provers, exploit some quantum resource.
The strongest form of verification is device-independent (DI) [2] [3] [4] in which no assumptions are made on the devices; they are simply treated as black-boxes. A DI certification performed by a completely classical verifier is also known as selftesting [5, 6] . In such a scenario the only way to verify the 'quantumness' of the provers is to interact with them, for example by asking them some questions by means of classical communication channels and receiving the answers through the same channels (see Fig. 1 ). Any information about the underlying physical system is then inferred by the verifier from the observed correlations between those answers.
In a self-testing scenario, a central concept is that of Bell nonlocality [7] . Observing nonlocal behaviours is essential to certify several interesting properties of quantum systems, such as the exact form of a quantum state [8] [9] [10] , measurement [11, 12] or a channel [13, 14] , all this up to certain well-understood equivalences. However, self-testing has so far been deemed as a procedure tailored to a single quantum state and it has been a highly nontrivial question if it can be used to certify less specific quantum properties.
Here we address this problem and introduce the definition of self-testing of genuinely entangled subspaces, which are subspaces of multipartite Hilbert spaces consisting of only genuinely entangled pure states (see, e.g., [15] ). Although Bell inequalities maximally violated by more than a single pure state are already known (e.g. Refs. [16, 17] ), we show for the first time that this kind of violation can be exploited to certify that a quantum state belongs to such a subspace. Hence, we present a relaxed definition of self-testing that is not able to distinguish between any mixture of the vectors belonging to the self-tested subspace. We present a first ap- plication of such a relaxed self-testing by constructing Bell inequalities whose maximal violation is attained by states belonging to some representative entangled subspaces, namely those used in stabilizer error correcting codes [18] . In particular, we focus on paradigmatic examples such as the five-qubit code [19, 20] and the toric code [21] , the latter allowing us to show that self-testing of subspaces is possible for systems composed of any number of particles. Interestingly, while still being based on the stabilizer formalism, our Bell inequalities are inequivalent to those presented in [22] . Preliminaries. We begin with some preliminaries.
(1) The Bell scenario. Following the scenario depicted in Fig. 1 , let us consider N spatially separated provers P i sharing a quantum state ρ P that acts on some finite-dimensional Hilbert space H P = H P1 ⊗ · · · ⊗ H P N and a verifier V asking them questions x i . Upon receiving the question x i the prover P i measures a quantum observable A (i) xi on their share of ρ P and returns V the outcome of that measurement a i . Here we arXiv:2003.02285v1 [quant-ph] 4 Mar 2020 consider the simplest scenario in which all provers measure binary observables whose outcomes are labelled a i = ±1. If this procedure is repeated sufficiently many times, the verifier can estimate the collection P of expectation values
with i 1 < i 2 < . . . , < i k , k = 1, . . . , N and i j = 1, . . . , N .
Below we refer to P as to behaviour or simply correlations.
The key ingredient making device-independent verification possible is that the correlations observed by the verifier exhibit quantum nonlocality [7] . The phenomenon of nonlocality consists of the existence of quantum correlations that cannot be reproduced by any local-realistic theory, or, phrasing alternatively, that violate Bell inequalities which bound the strength of correlations achievable in such theories. Recall the most general form of a multipartite Bell inequality to be
where β c is the local bound, that is, the maximal value of I N over all local-realistic correlations.
(2) Genuinely entangled subspaces. Consider a bipartition of N provers into two disjoint and nonempty groups G and G and a pure multipartite state |ψ ∈ H P . We call it genuinely entangled if for any such bipartition G|G it cannot be written as a tensor product of pure states corresponding to G and G . We then call a subspace of H P genuinely entangled if it consists of only genuinely entangled states (cf. Ref. [15] ).
(3) Stabilizer codes. The N -fold tensor products of the Pauli operators {X, Z, Y, 1 1} with the overall factor ±1 or ±i forms the Pauli group P N under matrix multiplication. A stabilizer S N is any Abelian subgroup of P N , and the stabilizer coding space C N consists of all vectors |ψ such that S i |ψ = |ψ for any S i ∈ S N . Hence, C N is the eigenspace of S N corresponding to the eigenvalue +1. Its dimension depends on the number of independent generators S i of the stabilizer or, equivalently, the number of elements of S N : if S N has 2 N −k elements for some 0 ≤ k < N , then dim C N = 2 k . A stabilizer subspace of dimension 2 k might be used to encode k logical qubits; the corresponding vectors belonging to C N are called quantum code words (for more details see Refs. [18, 23, 24] ).
In the particular case of |S N | = 2 N , the subgroup stabilizes a unique state, known as the stabilizer state. Any stabilizer state is equivalent to a certain graph state under local unitary operations (see, e.g., Ref. [25] ), and self-testing methods for graph states are already known [9, 26] . Our aim here is to go beyond the k = 1 case and provide device-independent certification methods for higher-dimensional subspaces C N . Still, in order to exploit nonlocality as the resource for certification we restrict our attention to those stabilizers that generate genuinely entangled subspaces. In Appendix B we also provide a simple sufficient criterion to ascertain that a given stabilizer gives rise to a genuinely entangled subspace.
Self-testing of entangled subspaces. Let us start off by providing the definition of self-testing of an entangled subspace. To this aim, let H P be, as before, the prover's Hilbert space. Let then H P be a Hilbert space with dimension equal to that of the entangled subspace we want to self-test whereas H P some auxiliary Hilbert space such that dim H P = dim H P dim H P . Notice that for the examples considered below H P = (C 2 ) ⊗N .
Let then |φ P E be a purification of the mixed state ρ P shared by the provers to a larger Hilbert space H P E = H P ⊗ H E , where H E represents all potential degrees of freedom which provers do not have access to.
Definition. The behaviour P self-tests the entangled subspace spanned by the set of entangled states {|ψ i } k i=1 if for any pure state |φ P E ∈ H P E compatible with P through (1) one can deduce that: i) every local Hilbert space H Pi = H P i ⊗ H P i ; ii) there exists a local unitary transformation U P = U 1 ⊗ · · · ⊗ U N acting on H P such that
for some normalised states |ξ i ∈ H P ⊗ H E and some positive numbers p i ≥ 0 such that i p 2 i = 1.
Notice that, analogously to self-testing of quantum states, self-testing of subspaces, being based on drawing conclusions only from the observed correlations P, can be done only up to certain equivalences such as local unitary transformations or extra degrees of freedom described by H P and H E . Interestingly, here we identify an additional degree of freedom encoded in the scalars p i . The freedom of varying the values of those scalars implies that self-testing of an entangled subspace can also be understood as self-testing of all mixed states supported on that subspace and giving rise to the correlations P.
In what follows, we will show how to prove a self-testing statement according to the above definition based solely on the fact that the observed behaviour maximally violates a certain multipartite Bell inequality. As target subspaces we choose those used in quantum error correction. As quantum code words are highly entangled states, it is natural to expect them to display nonlocal correlations [27, 28] . Notice that for our purposes it is not enough to simply observe nonlocal correlations, but it is crucial to prove that states belonging to the subspaces of interest maximally violate a Bell inequality and such an inequality has to be carefully tailored to the considered code space. A method based on the stabilizer formalism that does the job was recently put forward in Ref. [22] . Here we provide an alternative construction, inspired by Ref. [26] , that allows us to make a straightforward connection to the selftesting proof.
The five-qubit code. The five-qubit code is the smallest possible code that corrects single-qubit errors [19, 20] on a logical qubit. It is also a stabilizer code, generated by the following four operators acting on (C 2 ) ⊗5 :
where X (i) , Z (i) are the Pauli matrices acting on qubit i. One can check that the four operators above are independent and hence the code space, denoted C 5 , is two-dimensional, and, importantly, it is genuinely multipartite entangled (see Appendix B for a proof). In order to prove a self-testing statement for this subspace, we introduce a Bell inequality that is maximally violated by any pure state from C 5 . To do so we build the inequality directly from the generators (4) . For the first party we assign
while for the remaining parties we simply replace
j are arbitrary binary observables (of unspecified but finite dimension) that are to be measured in a Bell experiment. Let thenS i denote operators obtained from (4) by making the above substitutions.
By considering a suitably chosen linear combination of the expectation values ofS i , we obtain the following Bell inequality
whose local bound was directly computed by optimizing I 5 over deterministic strategies for which A (i) xi = ±1. The maximal quantum value of I 5 can also be straightforwardly determined and it amounts to β q = 4 √ 2 + 1. To see that such value can be achieved by any state from C 5 , let us notice that by making the following measurement choices
for the first party and A (i) 0 = X and A (i) 1 = Z (i = 2, . . . , 5) for the remaining ones, I 5 becomes the expectation value of leads to the following Bell operator:
It follows that its maximal eigenvalue is 4 √ 2 + 1 and it is precisely associated to the eigenspace stabilized by the four generators S i given in Eq. (4).
To prove that there does not exist a quantum state and observables giving rise to a higher violation of I 5 it is enough to show that the following decomposition
holds true, which implies that the eigenvalues of B 5 do not exceed β q for any choice of local observables A (i) xi and quantum state ρ P .
Remarkably, the maximal violation of our inequality (5) allows one to make the following self-testing statement. Fact 1. Any behaviour achieving the maximal quantum violation of I 5 self-tests the entangled subspace C 5 in the sense of our definition.
Proof. Here we provide a sketch of the proof for illustrative purposes, deferring the details to Appendix A. Imagine that a state |φ P E ∈ H P E and observables A (i) xi acting on H Pi maximally violate our inequality (5) . From the decomposition (7) one deduces that
for i = 1, . . . , 4, which can be used to prove the existence of local unitary operations U i acting on H Pi such that
. ⊗ U 5 and the operators S i are given in Eq. (4). This allows us to rewrite
As we show in Appendix A, the most general state satisfying all these four conditions is exactly p |ψ 1 ⊗ |ξ 1 + 1 − p 2 |ψ 2 ⊗ |ξ 2 , where 0 ≤ p ≤ 1, |ψ 1 and |ψ 2 are two orthogonal five-qubit states spanning C 5 whereas |ξ 1 and |ξ 2 are some auxiliary quantum states from
The toric code.-The toric code is a paradigmatic example of the class of topological quantum error correction codes [21] . It allows one to store two logical qubits in four multiqubit pure states of arbitrarily large number of particles. The logical qubits can be associated to ground states of a 1/2-spin model on a torus, that is, a two-dimensional spin square lattice with periodic boundary conditions in which qubits are associated to the edges (see Fig. 2 ).
The toric code is also a stabilizer code with two types of stabilizing operators: the vertex and plaquette operators
For each of the generators S v and S p , the product runs over operators acting qubits sharing the same vertex v plaquette p respectively (see Fig. 2 ). The above generators are not all independent, since they satisfy v S v = p S p = 1. By simple counting arguments, it follows that the set of states stabilized by these operators spans a four-dimensional subspace, denoted C tor N , for any choice of the lattice size L. The Bell inequality maximally violated by any mixed state supported in C tor N can be derived in a manner analogous to the one described in the previous example. For an arbitrarily chosen edge j, we substitute the Pauli operators X (j) , Z (j) acting on the corresponding qubit with the combinations (A
while for the other qubits we
. By applying this substitution to S v and S p we obtain operatorsS v andS p from
The toric code. Each edge of the lattice represents a qubit. Stabilizing operators can be divided in two groups: those associated to each lattice vertex v with X acting on every qubit associated to an edge attached to the given vertex, or associated to each plaquette p of the lattice with Z acting on each qubit represented by an edge surrounding the plaquette.
which we obtain the following Bell inequality
It is not difficult to realize that its classical bound β tor
. Moreover, as we prove it in the Appendix A the quantum bound is β tor q (N ) = 4 + |p| + |v| − 4 = N > β tor c (N ). It follows that any pure state from C tor N achieves it, meaning that C tor N is an entangled subspace; in fact, in Appendix B we prove it to be genuinely entangled. More importantly, as we prove in Appendix A, the following self-testing statement can be made for it. Fact 2. Any N -partite behaviour P achieving the maximal quantum violation of I tor N self-tests the entangled subspace C tor N .
Geometrical considerations. A Bell inequality is generally believed to be useful for state self-testing only if its maximal violation can be associated to a single quantum state and to a single point in the set of quantum correlations [17] . Remarkably, it turns out that subspace self-testing allows to make non-trivial self-testing statements about Bell inequalities maximally violated by more than one correlation point (hence by all the non-extremal points in between them).
We show that this is the case by using the example of the five-qubit code, while leaving the more general case of the toric code for the Appendix. First, we identify two orthogonal states |ψ 1,2 in the stabilized subspace C 5 as those associated to the eigenvalues −1, +1 for the operator S 5 = Z (1) Z (2) Z (3) Z (4) Z (5) . This can be done because S 5 commutes with all the generators (4) and it is independent from them. To see that the behaviours P 1 , P 2 obtained by performing the local measurements in (6) on these two states are different, we apply to S 5 the map between Pauli matrices and observables that we use to derive the Bell inequalities (5) and (10) . By using the fact that |ψ 1,2 are eigenstates of that operators, one derives that the corresponding behaviours lead to expectation values satisfying
which can only be fulfilled if the two correlators involved take different values for P 1 and P 2 .
Our results on subspace self-testing can thus be seen as complementary to the weaker form of self-testing presented in [29] . While in [29] the multiple correlations points associated to the self-testing statement are achieved by varying the measurement operators, we obtain a similar phenomenon by changing the quantum state instead.
Discussion. We introduce the notion of self-testing of entangled subspaces-a device-independent method of certification that an entangled state belongs to a certain subspace of dimension at least two. Exploiting then the stabilizer formalism in the multiqubit Hilbert spaces we present two examples of multipartite Bell inequalities whose maximal quantum violation serves the purpose, that is, enables self-testing of entangled subspaces according to our definition. These are the twodimensional subspaces corresponding to the five-qubit code as well as the four-dimensional subspace corresponding to the toric code, both well-known in the context of quantum error correction. On a more fundamental level, our Bell inequalities identify face structures in the set of quantum correlations of nonzero dimension, showing at the same time that self-testing methods are not limited to extremal points in the quantum set, but can also be attributed to higher-dimensional flat objects in its boundary such as faces (see also Ref. [29] ); in particular, here we show that in the simplest multipartite Bell scenario, the quantum set has a face of dimension three for any number of parties (see Appendix C).
Our work opens a plethora of possibilities for future research. For instance, it is interesting to understand whether our self-testing techniques can be generalized to other stabilizer error correcting codes (see [30] for a recent progress on this point); in particular, it is unclear whether our approach applies to subspaces which are not genuinely entangled such as for instance the one corresponding to the Shor code. On the level of quantum correlations it is interesting to understand what is the maximal dimension of the face structure that can be identified with the aid of Bell inequalities obtained within our approach. We also leave for future research a potential applicability of self-testing of the error correcting codes in quantum computing protocols. Let us finally notice that our work should be understood as a proof of principle, and therefore the question of robustness of our self-testing statements is deferred to future considerations.
Acknowledgements Here we provide full proofs of the self-testing statements for the subspaces considered in the main text. For completeness we first recall a very useful fact, proven already in Refs.
[31, 32] that will be used in our proofs. 
where X and Z are the 2 × 2 Pauli matrices introduced before and 1 1 d is a d × d acting on the auxiliary Hilbert space.
This above lemma provides a way to characterise the measurement observables from their commutation properties. If the state to be self-tested can be tomographically retrieved by using two Pauli measurements, proving Lemma 1 basically reduces self-testing to the quantum state tomography.
Proof. First of all, the fact thatX andZ square to identity and are hermitian implies that their eigenvalues are ±1. This means that they are also unitary and allows one to rewrite the anticommutation relation {X,Z} = 0 as
or asZXZ
As bothX andZ are unitary and hermitian, these identities imply that the eigenspaces of both these operators corresponding to the eigenvalues ±1 have equal dimensions. This has two consequences. The first one is that the Hilbert space they both act on is H = C 2 ⊗ C d with finite d such that D = 2d.
The second one is that there exists a unitary U : H → H which brings the eigenvectors e ± i ofZ to the product form
with |g i being some orthogonal basis in C d , which means that
To obtain (12) for theX operator it is enough to notice that Eq. (13) implies thatX exchanges the eigenvectors ofZ corresponding to different eigenvalues, that is,
Thus, in the product basis (15) ,X is of the form
which completes the proof.
Self-testing the five-qubit code subspace
In this section we provide a detailed proof of self-testing of the C 5 subspace stabilized by the operators (4). To this aim let us assume that a state |φ ∈ H P E and observables A (i) xi acting on H Pi violate maximally our inequality (5) . Then, making the following substitutions 
From the sum-of-squares decomposition (7) we deduce that they satisfy the following conditions
where to simplify the notation, here and below we omit the identity acting on H E . Let us now prove, using relations (21) , that for any i, the operatorsX (i) andZ (i) satisfy the conditions of Lemma 1 on the support of ρ i with the latter being the reduced density matrix of |φ corresponding to the Hilbert space H Pi . First, it is direct to see that, by the very construction,X (1) andZ (1) satisfy the anticommutation relation
To prove that they also square to identity on the support of ρ 1 we use the condition (21) for i = 1 and i = 4, obtaining
which due to the fact that [X (i) ] 2 = [Z (i) ] 2 = 1 for i = 2, . . . , 4 immediately imply that [X (1) ] 2 = [Z (1) ] 2 = 1 on the support of ρ 1 .
Let us now prove the anticommutation relations for the remaining operatorsX (i) andZ (i) (i = 2, . . . , 5); notice that, by definition, they already satisfy [X (i) ] 2 = [Z (i) ] 2 = 1. To this end, we rewrite the conditions (21) for i = 1, 4 as
which leads us to
where the last equality is a consequence of Eq. (22) . In a similar way one can exploit the operator relations stemming from Eq. (21) to obtain anticommutation relations for the remaining three sites. Indeed, we can combine the conditions (21) forS 3 andS 4 to get
and combineS 2 andS 4 to obtain
Finally, we combine the conditions arising fromS 2 andS 3 to show
Given the above anticommutation relations for operators acting on all sites, we can now make use of Lemma 1 which allows us to introduce the local unitary operations U i : H Pi → H Pi that map the operatorsZ (i) ,X (i) to the qubit Pauli matrices in the sense that
with i = 1, . . . , 5. If we define |ψ = (U ⊗ 1 E ) |φ , where U = U 1 ⊗ . . . ⊗ U 5 , it follows from the conditions (21) and the transformations (29), that
where S i are the qubit stabilizing operators defined in (4). Let us finally prove that the most general form of a state |ψ ∈ (C 2 ) ⊗5 ⊗ H P E compatible with the conditions (30) is
where |ψ i are two orthonormal states spanning C 5 , |ξ i ∈ H P E are some auxiliary states and p ∈ [0, 1].
To this aim, we consider the Schmidt decomposition of |ψ with respect to the tensor product of the five-qubit Hilbert space (C 2 ) ⊗5 and H P E ,
where |η j ∈ (C 2 ) ⊗5 as well as |ϕ j ∈ H P E are some orthogonal vectors in the corresponding Hilbert spaces. By plugging Eq. (32) into Eq. (30) we arrive at
which after projecting onto |ϕ j gives S i |η j = |η j for every i = 1, 2, 3, 4. This means that each vector |η j belongs to the subspace C 5 and therefore it might be written as |η j = α j |ψ 1 +β j |ψ 2 for some α j and β j such that |α j | 2 +|β j | 2 = 1. Substituting this last form into Eq. (32), directly leads to
with some in general unnormalized vectors |ξ j ∈ H P E . Clearly, this can be rewritten as
where p ∈ [0, 1] and |ξ i are now normalized. This completes the proof.
Self-testing the genuinely entangled subspace corresponding to the toric code
Let us begin by writing explicitly the Bell inequality maximally violated by any state belonging to C tor N . Recall to this end that every qubit i is contained in two plaquettes and is connected to two vertices, which we identify as p 
where the classical bound reads
whereas the Bell operator is given by
where qubit j is the chosen qubit for which our Bell expression contains combinations of observables.
The maximal quantum violation of this inequality amounts to In short, we refer to a qubit associated to a vertical (horizontal) edge as a vertical(horizontal) qubit. To label qubits, we choose a reference vertical qubits j and start counting forward by moving to the next vertical qubit on the right. By proceeding in this way, we label qubits from j + 1 to j + L − 1. After that, we move to the horizontal qubit on the top-right side of qubit j and label it j + L, proceeding then forward with the next horizontal qubit to the right, until arriving at the qubit to the left of j + L. It then follows that the vertical qubit on top of j would be labelled as j + 2L. Similarly, we can label plaquettes and vertex stabilizing operators depending on where are located with respect to a given qubit, as shown in the Figure for the case of qubit j. An analogous procedure can be done to label operators with respect to a horizontal qubit. For instance, we could refer to S and can be achieved by the following measurements
for the party j, and
for the remaining parties i = j, and any state belonging to C tor N . It follows that (38) is violated for any N .
To prove that (39) is indeed the maximal quantum value of B tor N one checks that the following sum-of-squares decomposition holds true
Let us now move on to proving Fact 2. To this end, let us assume that an N -partite state |φ and observables A (i) xi (x i = 0, 1) maximally violate our Bell inequality, that is
with B tor N given in Eq. (38).
Let us then introduce the operators
for the chosen party j, andX (i) ,Z (i) = A (i) 0 , A (i) 1 for all i = j. We now make use of the condition resulting from the sum-of-squares decomposition (42) to prove that for any i, the operatorsX (i) ,Z (i) anticommute and square to identity on the support of ρ i with the latter being the reduced density matrix of |φ . Indeed, from Eqs. (42) and (43) one infers that
To do so, it is convenient to associate to each qubit in the lattice the subset of operators (63) that act non-trivially on it, that is, those that contain X or Z on this site. It is easy to see that for a two-dimensional lattice of any size there are precisely two vertex and two plaquette operators acting nontrivialy on each qubit. For later convenience, let us then introduce a notation for these four non-trivial generators: if the qubit j corresponds to a horizontal edge, we identify the corresponding generators as
where the arrows in the notation refer to where the vertex (plaquette) is located with respect to the qubit. Similarly, if the qubit j corresponds to a vertical edge, we denote the corresponding four stabilizing operators as
Notice that, given two neighbouring qubits (i.e., qubits associated to edges connected to the same vertex), some of the elements in the two subsets in (46) and (47) are common (see Fig. 3 for an example). Let us now focus on the qubit j and consider a vertex and a plaquette operator that act non-trivially on j. Withouth loss of generality, we can take them to be S p,→ as well as the fact that, by the very construction, the op-eratorsX (j) andZ (j) with j = i square to identity, we obtain
This directly implies that, as anticipated, bothX (j) andZ (j) square to identity on the support of ρ j . Then, by virtue of Eq.
(44), one directly sees that
Let us now move to the remaining pairs of operatorsX (i) and Z (i) with i = j and prove that they anticommute too; recall that by definition they square to identity. We will proceed in a recursive way. First, let us assume that j is associated to a vertical edge and consider one of the neighbours of j, denoted j + L (cfr. Fig. 3 ). To prove the anticommutation relation for the operators acting on this qubit we assume, without any loss of generality that the plaquette and vertex operators shared between party j and j + L are exactlyS
p,→ . By making use of the corresponding stabilizing conditions (45) and the fact that all the local operators square to identity on the support of the state, we obtain the following equations
which lead us to
In exactly the same way we can prove the anticommutation relations for the remaining three neighbours of j which share the plaquette and the vertex operators with it. To this end, it is enough to combine the stabilizing conditions (45) corresponding to these operators for j and its neighbour in the same way as in (51). One then realizes that the same approach can be applied to any neighbour of these four neighbours of j, and, thus recursively to any qubit of the lattice, which finally gives
for any i.
Having the anticommutation relations for all the parties, we make use of Lemma 1 which implies the existence of a unitary operations U j acting on H Pj such that
for any j. Now, denoting |ψ = U ⊗ 1 E |φ , we see that |ψ satisfies the following stabilizing conditions
where S v and S p are the stabilizing operators given in Eq. (9) . Using the same method as in the case of the five-qubit code one can show that
where p i are nonnegative numbers such that p 2 1 + p 2 2 + p 2 3 + p 2 4 = 1, |ψ i are N -qubit vectors spanning C tor N and |ξ i ∈ H P E are some auxiliary states. This completes the proof. Here we prove that the subspaces corresponding to the fivequbit code C 5 and the toric code C tor N are genuinely entangled, that is, contain only multipartite genuinely entangled states.
We begin by providing a simple sufficient criterion for a subspace generated by a stabilizer S to be genuinely entangled. To this end, assume that S is generated by a set of k stabilizing operators {S i } k i=1 . Consider then a bipartition of N parties into two disjoint and nonempty groups G and G such that |G| + |G | = N , and denote by G the set of all such bipartitions. Given a bipartition G|G , every stabilizing operator S i can be written as
with i = 1, . . . , k, where each S G i (S G i ) acts on the Hilbert space associated to the group G (G ). Notice that due to the fact that for any pair i = j, the operators S i and S j commute, either
or
Let us now formulate our criterion.
Fact 3. Consider a stabilizer S generated by a set of stabilizing operators S i (i = 1, . . . , k). If for any bipartition of N parties into two disjoint and nonempty subsets G and G there exist i = j such that {S G i , S G j } = 0, then the subspace C N stabilized by S i is genuinely multipartite entangled.
Proof. Let us begin by assuming that the subspace C N is not genuinely entangled, which means that it contains a pure state |ψ such that
for some bipartition G|G . From the fact that S i |ψ = |ψ we infer that with respect to this bipartition
for some ϕ i ∈ R (analogous identities hold true for the G group). This contradicts the fact that there exist i = j such that
Notice that, as S i mutually commute, the anticommutation relation in Fact 3 might also be formulated for G .
Subspace C5
Let us now illustrate the power of our criterion by applying it to the subspace C 5 corresponding to the five-qubit code. Recall that the corresponding stabilizing operators are given by (5) , S 4 = Z (1) X (2) X (4) Z (5) . (62) In the five-partite case the relevant bipartitions can be divided into two possibilities: one party versus the rest (five such bipartitions) and two parties versus three (ten such cases).
In the first case one notices that for any bipartition G|G with a single-element set G = {k} there always exists a pair of the stabilizing operators such that S G i = X (k) and S G j = Z (k) and the condition (58) is satisfied.
Let us then consider the second case. By direct check one realizes that for any bipartition G|G with G = {i, j} such that i < j there exists a stabilizing operator S m for which S G m = X (i) Z (j) (i < j) and another stabilizing operator S n (m = n) such that S G n = X (j) or S G n = Z (i) or S G n = X (i) X (j) , or finally S G n = Z (i) Z (j) .
Subspace C tor N Here we show, employing Fact 3, that the four-dimensional subspaces identified by the toric code consist of only genuinely entangled states. To this aim, it is enough to find, for any bipartition G|G , two stabilizing operators that anticommute when restricted to G or G . Recall that the stabilizer associated to the toric code is generated by the following operators
where one defines a different S v for any vertex and S p for any plaquette in the lattice. In the following we will provide a constructive proof that such a set of stabilizing operators satisfies the assumption of Fact 3 for a lattice of any size. Before doing that, however, let us analyse some basic properties of this stabilizer. Notice that plaquette and vertex operators are composed of products of different Pauli matrices (Z and X respectively) that, if taken independently, anticommute with each other. However, the products in (63) are chosen carefully in order to define stabilizing operators that mutually commute. This happens because for any pair of plaquette and vertex operator, the subsets of qubits on which they act non-trivially are either disjoint or they overlap on exaclty two particles. In particular, the latter is exactly the case of a plaquette and a vertex generator acting non-trivially on the same pair of neighbouring qubits. For example, as shown in Figure 3 , if j is a vertical edge qubit, S
v,↑ and S (j) p,→ would be two mutually commuting operators composed of a pair of anticommuting Pauli matrices acting on j and its neighbour j + L. Notice that here we are adopting the notation introduced in Appendix B to denote stabilizing operators acting non-trivially on a given qubit.
We are now ready to go back to proving that the toric code meets the assumptions of Fact 3, i.e., given any bipartition G|G , one can find two stabilizing operators that anticommute when restricted to the subset G. Thanks to the analysis of the commuting properties of the generators (63) conducted above, it is now clear how to find two such operators. Namely, it suffices to find a pair of neighbouring qubits i and j, belonging to a different subset of the bipartition, i.e., i ∈ G and j ∈ G or vice versa. Then, the two anticommuting operators will be the plaquette and vertex operator acting non-trivially on both the qubits restricted to, for example, the subset containing i. Indeed, since j does not belong to the same subset, it follows that the non-trivial support of the two restricted generators now overlaps only on qubit i, where the two operators act with the Pauli matrix X and Z respectively. Therefore, proving that the subspace stabilized by the toric code is GME for any number of partices reduces to showing that such a pair of anticommuting operators can be found for any nontrivial bipartition G|G with G, G = ∅.
To see that this is indeed the case it is enough to realize that for any bipartition G|G there exist a vertex operator S v which is divided between G and G in the sense that at least one of the qubits S v acts on belongs to G and at least one to G . To prove this last statement, assume that such a vertex does not exist. Then, pick a vertex whose all qubits belong to, say G; recall that by assumption G is not empty. Then all vertices connected to the chosen vertex by a qubit must also belong to G; recall that we assumed that there is no vertex divided between the two sets G and G . Taking into account that all vertices in lattice are connected, following the above reasoning it is not difficult to realize that in fact all vertices must belong to G, meaning that G is empty. This, however, contradicts the assumption that the bipartition G|G is nontrivial.
Consider then a vertex v which is divided between G and G . We consider two possibilities: either one qubit associated to v belongs to G or two. The third case of three qubits belonging to G is equivalent to the first one because we can always consider G instead of G. In the first case, we consider one of the two plaquette operators S p which act nontrivially on the qubit belonging to G. Then, it clearly follows that S v and S p anticommute when restricted to G. The second case is slightly more involved: one has to idenfity a plaquette operator S p which acts nontrivially on only one of the G qubits connected to the vertex v. In such a case, one can indeed show that S G v and S G p satisfy the anticommutation relation. Let us show that one can always find such a plaquette operator, by considering the two possible subcases of the two G qubits connected to the vertex v being: (i) both horizontal or vertical qubits, or (ii) a horizontal and a vertical qubit each. For (i), we can label the two qubits without loss of generality as j and j + 2L. Then, by adopting the notation introduced above, a valid choice for the reuired plaquette operator is either S (j) p,← or S (j) p,→ (see Fig. 3 ). Similarly, in the subcase (ii), we can take the two qubits to be j and j +L, so that the desired plaquette operator becomes S To this aim, we follow a similar reasoning as for the fivequbit code case presented in the main text and we introduce the following operators
and
They consist of a product of Z operators acting respectively on an horizontal and vertical loop around the torus, containing a reference qubit j. It is direct to see that they mutually commute and that they commute with any plaquette S p and vertex S v operator. Moreover, they are independent of the stabilizer S tor N . Hence, we can use them to define an orthonormal basis for the two-qubit subspace of the toric code. More precisely, such a basis can be chosen to be the collection of four states {|ψ ab } a,b=±1 in C tor N defined as the eigenstates of Z hor (Z ver ) with eigenvalue a (b).
By performing the measurements leading to the maximal violation of (10) on each of those states, one obtains the corresponding correlation points P ab . To show that, for a, b = ±1, these four points are represented by linearly independent vectors, it is enough to make use of the fact that the related states |ψ ab are eigenvectors of the two additional operators Z hor and Z vert . In particular, let us assume that the reference qubit j is the one where the substitution X (j) , Z (j) → (A (j) 0 ±A (j) 1 )/ √ 2 has been made. Then if follows that the corresponding correlation points must satisfy
showing that the four correlation points must differ at least on these expectation values. Let us notice that one can follow the same reasoning for any other pair of vertical and horizontal loop operators, leading to similar conditions for other L−body expectation values arising from the P ab 's.
